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Given a point x in a convex figure M, let "/(x) denote the number of all affine diameters of M 
passing through x. It is shown that, for a convex figure M, the following conditions are equivalent. 

(i) "/(x) :> 2 for every point x E int M. 
(ii) either ~/(x) -- 3 or 7(x) ~ oo onintM.  Furthermore, the set B--- {x e intM :~t(x) is 

either odd or infinite } is dense in M. 

Let M be a convex figure, i.e., a closed convex set in the plane with nonempty  
interior. A chord In, b] of M is said to be an (alpine) diameter of M if and only 
there exists a pair of different parellel suppor t ing  lines of M each containing one of  
the endpoints  a, b. For some propert ies of diameters  and their generalizations see for 
example [1], [3]. 

Denote  by 7(x)  the number  of  all diameters  of M passing th rough  a point  x 6 M.  
Let ~/(x) = oc if infinitely many  diameters  pass th rough  x. I t  was mentioned by 
Hammer  [4] tha t  each point  x 6 M belongs to at least one diameter .  In  other  words, 
"y(x) > i .  

The following result of Eggleston is well-known. 

Theorem ([5]). A convex figure M is a triangle if and only i] every point of its 
interior belongs to exactly three diameters, i.e., "y(x) =- 3 on int M.  

This  result is a part icular  case of  

Theorem 1. For any convex figure M,  the following two conditions are equivalent. 
(i) M is a triangle, 

(i 0 2 < "~(x) < oc for every point x E int M .  

This can be deduced from Eggleston 's  theorem and the following result. 

Theorem 2. For any convex figure M,  the following conditions are equivalent. 
(i) 7(x) >_ 2 for every point x E int M ,  

(ii) either ~(x) =- 3 or ~/(x) ~- oo on in tM.  

For the proof  of  Theorem 2 we need two lemmas. 

Lemma 3. / f  the diameters [a, b] and [c, a~ of M have no point in common, and 
a, b, c, d are four points of the boundary of M (in this order), then the arcs ad and 
bc are parallel line segments. | 
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Lemma 4. Let the diameters  [a, b] and [e, d] of M have a common point in int M ,  

and let x be any point in the region bounded by these diameters  and the arcs ~-~, b'd. 
Then  there exists a d iameter  of  M that passes through x ,  and its endpoints are on 

the arc ac and bd, respectively. 

Proof.  Suppose tha t  x is in the interior of the region bounded by the diameters 

[a, b], [c, d] and the arc a'-'~. If the rays b, x and d, x intersect bd M in points b r and 
d', respectively, then bTdt C ~'~. Denote by [el, fa] a chord which minimizes the value 
II e - xil/I}x - fll over all chords [e, f],  e E bTd', f E b'-d passing through x. We claim 
tha t  [elf1] is a diameter of M.  

Suppose the contrary and denote by s s the two different parallel support ing 
lines of M,  where e~ E ~1. If fe ~ M f3ie, then f2 E bd and f2 ~ f l ,  by assumption. 
Let f~ be the point of intersection of the lines ea and (el, fa), and let e~ be the point 

) 

of intersection of f2, x with bd M.  Then 

Ile -xll I l e l - z l l  
lira -- -< IIx -- f ll 

contradicting the choice of [el, fl]. 

m <  lie1 - xll 
I I x -  f i l l '  

Proof  of Theorem 2. Suppose first tha t  there is a diameter  [y, z] of M lying complete- 
ly in b d M .  Denote by g the support ing line of M parallel to [y, z]. Let MMI  = Iv, w]. 
If it is possible to pick a point p in the set int M \ conv([y, z] U [v, w]), sufficiently 
close to v, then each diameter  of M passing through p is of the form [t, z]. Therefore 
"~(p) = 1. Because of the convexity of M,  we obtain t h a t  Iv, y] C bdM.  Similarly 
[w, z] C bd M.  Thus, M is either a trapezoid or a triangle (if v = w ). In the first 
case 7(x) - oc on int M,  and in the second case 3'(x) - 3 on int M.  

Assume next tha t  bd M does not contain any diameter of M.  We are going 
to show tha t  in this case ~,(x) --- (x) on int M.  Supppose, in order to obtain a 
contradiction, tha t  3'(Xo) < c~ for some point Xo E int M .  We can find a point 
v C i n t M  and two diameters [a, b], [c, d] through v, not containing xo, otherwise 
~(x0) = oc. Assume without  loss of generality tha t  x0 is in the region bounded by 
the diameters [a, b], [c, d] and the arc ac. There is a diameter [y, z] passing through 
x0, for which y E a~-~, z E b~'d. Obviously a r y r c. Since 7(t)  > 2, there exists 
a diameter  [v,w] different from [y, z], passing through a point t. We claim tha t  
v E int a~-~. Indeed, otherwise we could choose a sequence of points t l , t 2 , . . ,  from 
(xo, y) tending to y so tha t  every diameter [an, fin_] of M containing tn and different 
from [y, z] statisfies the condition an,  fin • int h~. Let [a,/3] be a limiting chord 
of some subsequence of the sequence [an,fin], n >__ 1. It is clear tha t  y E (a,/3) 
and [~,/3] is a diameter  of M.  Therefore [a,/3] C bd M,  which is impossible by our 
assumption.  

So, if t is sufficiently close to y, then v E int ~'~. If w ~ bd, then diameter 
[v, w] has no point in common with one of the diameters [a, b], [c, d]. Suppose, say, 
tha t  [v, w] M [a, b] = 0. By Lemma 1, we have tha t  av = [a,v]l[bw ] = bw. Now 
Xo E intconv([a, b] U [v, w]) implies 7(Xo) = co. Hence, w E b~'d- 

Assume tha t  w = d (the case w = b can be t reated similarly). Denote by e the 
-----4 

intersection point of the ray d, x 0 and bd M.  It is easy to see tha t  [d, e] is a diameter 
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of M. If a point s E (xo, e) is sufficiently close to e then~ according to the argument 
demonstrated above , some other diameter [p, q] passes through s so that p E int c~. 
Diameter [p, q] has no point in common with one of diameters [c, d], [v, w]. As above, 
we obtain ~/(x0) -- ~ .  

Hence, we can suppose that w E int b"d. Suppose e.g. that  w E d~'z. Repeating the 
above arguments we obtain another diameter [yl, xl], yl E int c'~, z I E int dw passing 
through x0. Evidently, [y, z] and [y'z'] are different. 

Proceeding in the same way, we will find an infinite sequence of different diam- 
eters countaining x0, i.e., 7(Xo) = oc, a contradiction. | 

Corollary 5. I f  7 (x )  # const on i n tM,  then there is a point Xo E i n t M  with 
7(x0) = 1. 

In view of Theorem 6 and Corollary 5, it might be of some interest to learn 
more about the values of the function 7(x),  and about its level sets. A result in this 
direction is the following. 

Theorem 6. For any convex figure M ,  the set 

B = {x E int M : 7(x) is. either odd or infinite } 

is dense in M .  

For the proof of Theorem 6 we need some lemmas. We will say that  a line l 
almost lies in a region P ,  if only some bounded part  of ~ does not belong to P.  

Let a l , . . .  ,a2n be a family of lines in the plane passing through a point O, and 
indexed counterclockwise. Denote by Pi the double-cone bounded by ai and ai+l 
(in this clockwise order), i = 1 , . . . ,  2n - 1. Let P2n be the double--cone bounded by 
a2n and al. Then O cuts each line ai in two rays g~, l~ I. Let b l , . . . ,  b2n be some lines, 
not containing O, so that  bi almost lies in Pi, i = 1, . . . .  2n. Denote by ~ (6~') the 
number of points of intersection of ~ (s with b l , . . . ,  b2n, and put ~f i = I~ - ~'1. 

Lemma 7. At  least one of  the numbers ~1, . . .  ,52n is not equal to zero. 

Proof. We will establish Lemma 7 by induction on n. The case n -- 1 is trivial. 
Suppose, that  our assertion is true for all n < m - 1. The lines ai, bi,i  = 1 , . . .  2rn 
will be considered in the cyclic order 
b2malbla2b2.. ,  a2mb2m. We say that  bi_ 1 and b i are the neighbours of a i. 

We claim that  some line a i is intersected by its neighbours on the same side 
relative to 0.Assume the contrary, and direct the lines a l , . . . ,  a2n arbitrarily. Suppose 
without loss of generality that  bl intersects al on its positive side. T h e n  all of 
the lines a2, a4 . . . . .  a2m are intersected by their neighbours on their negative sides. 
Therefore b2m intersects a1 on its positive side, i.e., on the same side where bl does, 
contradiction. 

Assume without loss of generality that  a2 is intersected by its neighbours b~, b~ at 
the same side relative to O. Let al, a2 , . . . ,  a~m-2 and bl, b2 . . . .  b2m-2 denote the lines 
al, an, a s , . . . ,  a2m and b3, b4, . . . , b2m-2, respectively. By our induction hypothesis, 
one of the numbers ~ , . . . ,  ~2m-2 for this family of lines is not equal to zero. It is 
easy to see that  bl and b2 intersect each line ai, i ~ 2 on different sides relative to O. 
Therefore, 

Hence, one of the numbers ~i . . . . .  ~2m is not equal to zero. | 
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Lemma 8. Suppose that 7(x) is finite for some point x E int M. Thet~ 
(i) there is a neighbourhood U C int M of x such that 7(Y) + 7(z) > 2"y(x) for any 

pair of points y, z E U with x E (y, z); 
(ii) there is a closed set V C int M having nonempty interior such that x E bd V, 

and 
~(z) > ~(x) for  any z ~ Y \ {x} i f~(x)  is even, 
"y(z) >_ "y(x) for any z e V if 'y(x) is odd. 

Proof. Let ~/(x) = n, and a l , . . ,  an be all the diameters of M passing through x. 
These diameters divide M into n closed regions P1, . . . ,  Pn, where Pi is the part of the 
double-cone with apex x, bounded by the diameters ai, ai+l and bd M. (Similarly, 
Pn is bounded by the diameters an, a1 and bdM. )  According to Lemma 4 it is 
possible to find n new diameters b l , . . . , bn  such that both endpoints of b i are in 
Pi. Using the condition -f(x) = n, we obtain that  none of the diameters b l , . . ,  bn 
contain x. Therefore, one can find a closed disc Er(x)  of radius ~- > O and center x, 
disjoint from the chords bl , . . .  ,bn. Let v l i , . . .  ,Vni, i = 1 , . . .  ,n, denote the points 
of intersection of b i with a~ , . . . ,  an, respectively. (Some of these points may coincide 
with each other or with some endpoints of the diameters bi. ) 

(i) We will show that  the neighbourhood U = Er (x)  meets the requirements of 
the lemma. Let y, z E U satisfy the condition x E (y, z), and let g denote the line 
determined by y and z. Suppose that  the chord g M M lies almost in P~ (say). We 
distinguish two cases, according to whether ~ contains one of the chords a~ and a2, 
or not. 

Case 1. Let e.g. ~M M = al. If (say) y belongs to the segment [x,v~i],i -- 
2 , . . . , n  - 1, then applying Lemma 4 to the pairs of chords ai, bi and bi, ai+l we 
obtain the existence of two diameters, different from a~, . . . ,  an and passing through 
y such that their endpoints lie in Pi. Furthermore, if Ix, V~l] r Ix, vm] contains one of 
the points y, z, then there are at least three diameters through this point, ending in 
P1 or Pn (one of these diameters is al). Clearly, at least one diameter (namely al) 
passes through the other point. If both [x, v~l] and [x, vln] contain at least one of 
the points y, z, then there are at least two diameters through y and z each, ending 
in P1 or Pn. Hence, 

"y(y) + "7(z) >_ 2(n - 2) + 4 = 2"~(x). 

Case 2. Assume that  g does not contain any line al,a2, and let w2, . . .  ,wn be 
the points of intersection of ~ with b~, . . . ,  bn, respectively. Similarly to the previous 
case, if the interval [x, wi] contains y (or z), then there are at least two diameters 
throught this point; different from a~ , . . . ,  an, such that  they end in Pi. In addition, 
there are two diameters ending in/)1, passing through y and z, respectively. Hence, 
again we obtain 

"y(y) + "y(z) _> 2(n - 1) + 2 = 2"y(x), 

as required. 
(ii) Let "y(x) : n = 2k. By Lemma 7, some diameter ai, i  -- 1 , . . . ,  2k, contains 

more than k points from the set {vii , .  �9 vin} at the same side relative to x. Without 
loss of generality we will assume that  i -- 1 and that  the ray ~1 = x,~a 1 (pointing in the 
positive direction of al)  contains m > k + l  points vlip, p = 1 , . . . ,  m. Let ~2 be a ray in 
P1 sufficiently close to gl so that  g2 intersects all diameters bip,p = 1 , . . . ,  m; ip  ~ 1. 
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Denote by V the piece of Er (x )  between the rays ~1,s Let z E V \ {x}. There are 
two possibilities. 

-----4 
Case 1, x, z = gl. Then z belongs to all of [x, vlip],p = 1 , . . . ,  m. Analogously 

to Case 1 par t  (i), we get 

q,(z) > 2(m - 2) + 3 > 2k + 1 :> "y(x). 

Case 2. ~ ~ gl. The endpoints of the segment (x ,z)  A M belong to P1. 
Therefore this segment intersects all the diameters bip , i = 1 , . . . ,  m ; i p  ~ 1 in some 
points zip. Each interval Ix, zip] contains z. Now we obtain, as before, that  

"y(z) _> 2 ( m -  1) + 1 > 2k + 1 > ~,(x). 

Let ~t(x) --- n -- 2k + 1. One of the two sides of the diameter al with respect to 
x contains at least ra _> k + 1 points of the type vli. As above, choose a ray is C P~ 
and a neighbourhood V. If  z E 21, then 

7(z )  >_ 2 ( m -  2) + 3  >_ 2k + 1 = 7 (x )  . 

If z ~ ~t, then 

-r(z) > 2 (m - 1) + 1 > 2k + 1 = ~ (~) .  ! 

Proof  of Theorem 6. Assume in order to obtain a contradiction that  there is an 
open neighbourhood U of some point x0 6 int M such that  ~/(x) is even (and finite) 
for all z �9 U. According to Lemma 4, there exists a closed subset V1 C U with 
nonempty interior so tha t  Xo �9 bd V1 and "r(z) > V(x0) for every z 6 V1 \ {x0}. 
Choose an arbi trary point xl �9 int V1. By Lemma 4, there exists a closed subset 
V2 C int V1 with nonempty interior such that  xl E bd V2 and ~((z) > "y(xl) for every 
z �9 y~ \ {x~}. 

Proceeding like this, we construct a sequence V~ D V~ D . . .  of compact sets. 
Obviously, t-he- ~-,t- V = ,~,~ is- nonempty  mad ~'(z) = ~ for every z C- V. The- last  
fact is in contradiction with the choice of U. Hence B = M, completing the proof. | 
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